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h-curveAbstract In this paper, two efficient analytic techniques namely the homotopy analysis transform
method (HATM) and homotopy perturbation Sumudu transform method (HPSTM) are imple-
mented to give a series solution of fractional convection-diffusion equation which describes the flow
of heat. These proposed techniques introduce significance in the field over the existing techniques
that make them computationally very attractive for applications. Numerical solutions clearly
demonstrate the reliability and efficiency of HATM and HPSTM to solve strongly nonlinear frac-
tional problems.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In recent years, fractional calculus is playing a very important
role in all areas of science and engineering. An excellent liter-
ature of fractional differentiation and integration operators
was also presented by number of researchers for extensions
of scientific and technical fields, among them were Caputo[1], Oldham and Spanier [2], Samko et al. [3], Carpinteri and
Mainardi [4], Podlubny [5], Ahmed et al. [6], Kumar et al.
[7], Atangana and Alabaraoye [8], Arife et al. [9], Yin et al.
[10]. The beauty of this subject is that a fractional derivative
is not a local point property. Fractional calculus considers
the genetic and nonlocal distributed effects. This characteristic
makes it more accurate than the description of the integer-
order derivative.
Fractional convection-diffusion equation is solved by num-
ber of methods, such as fractional variational iteration method
(FVIM) was used by Merdan [11], which is computationally
complicated procedure because it involved Lagrange multi-
plier, correction functional, stationary conditions. The homo-
topy perturbation method (HPM) used by Momani and
Yildrim [12] has its own limitation of the small parameter
assumption. The Adomian decomposition method (ADM)
applied by Momani [13] involved complicated Adomians Eng J
Figure 4 4th order HPSTM (HATM, h ¼ 1) approximate
solutions of yðx; tÞ at x ¼ 0:5 versus time t at different values of a
for Example 1.
Figure 2 4th order approximate solution yðx; tÞ at a ¼ 1 for
Example 1.
Figure 1 Exact solution yðx; tÞ versus x and time t for Example 1.
Figure 3 Absolute error E4ðyÞ ¼ jyex  yappj at h ¼ 1 and a ¼ 1
for Example 1.
2 J. Singh et al.polynomials which narrow down its applications. Recently, the
flatlet oblique multiwavelets successfully applied and found
numerical solution for a class of fractional convection-
diffusion equations by Irandoust-pakchin et al. [14]. To over-
come these disadvantages, we use comparatively two effective
techniques, homotopy analysis transform method (HATM) on
the one hand and on the other hand homotopy perturbation
Sumudu transform method (HPSTM) to solve fractional
convection-diffusion equation.
The homotopy analysis transform method (HATM) basi-
cally shows how the Laplace transform can be used to find
the approximate solutions of time depended fractionalPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014convection-diffusion equation by manipulating the homotopy
analysis method (HAM). The advantage of this method is its
Capability of combining two powerful methods, homotopy
analysis method (HAM) and Laplace transform method.
Homotopy analysis method (HAM) is an analytic approxima-
tion method was first proposed and applied by Liao [15–18],
based on homotopy, a fundamental concept in topology and
differential geometry [19]. In recent years, HAM attracts the
attention of researchers for solving various nonlinear problems
in science, finance and engineering, such as model for HIV
infection of CD4þT cells [20], finance problems [21,22],tional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
Figure 5 h-curve for different order HATM approximations
represents the valid range of h is 2:005 6 h < 0 at
x ¼ 0:5; t ¼ 0:005; a ¼ 1 for Example 1.
Figure 6 Exact solution yðx; tÞ versus x and time t for Example 2.
Figure 8 Absolute error E3ðyÞ ¼ jyex  yappj at h ¼ 1 and a ¼ 1
for Example 2.
Figure 7 3rd order approximate solution at a ¼ 1 for Example 2.
Fractional convection-diffusion equation 3Jaulent-Miodek equations [23], nonlinear heat transfer [24],
nonlinear heat conduction and convection equations [25],
Burgers-Huxley equation [26], thermal-hydraulic networks
[27], and differential–difference equation [28]. The HATM
[29–33] is used for handling many nonlinear problems, which
provides us a simple way to ensure the rapid convergence of
the solution series, valid over larger special and parameter
domains comparatively to VIM, ADM and perturbation
techniques.
Homotopy perturbation Sumudu transform method
(HPSTM) is combination of Sumudu transform, homotopyPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014perturbation method and He’s polynomials. Homotopy per-
turbation method (HPM) is introduced by Ji-Huan He of
Shanghai University in 1998, used in scientific and technical
problems [34–38]. Sumudu transform was proposed by Watu-
gala [39] in 1993, to solve differential equations and control
engineering problems. Number of researchers paid attention
in various types of problems via Sumudu transform, such as
ordinary and partial differential equations [40–42], fractional
partial differential equations [43–45], and integral equations
[46]. Note that a very interesting fact about Sumudu transform
is that the original function and its Sumudu transform have the
same Taylor coefficients except the factor n; see [47]. Thus if
fðtÞ ¼P1n¼0antn then fðyÞ ¼P1n¼0Cðnþ 1Þanynn, see [48]. In
the same way, the Sumudu transform sends combinations,tional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
Figure 9 2nd order HPSTM (HATM, h ¼ 1) approximate
solutions of yðx; tÞ versus time t at x ¼ 0:002 at different values of
a for Example 2.
Figure 10 h-curve for 2nd order HATM approximations repre-
sents the valid range of h is 2:02 6 h < 0 at
x ¼ 0:002; t ¼ 0:005; a ¼ 1 for Example 2.
4 J. Singh et al.Cðm; nÞ; into permutations; Pðm; nÞ and hence it will be very
important and useful in the discrete systems. In addition, some
analytical methods use a combination of Sumudu transform
for obtaining series solution which converge to the exact solu-
tions, such as homotopy analysis Sumudu transform method
[49], Sumudu decomposition method [50], and variation itera-
tion Sumudu transform method [51]. Recently, the homotopy
perturbation Sumudu transform method (HPSTM) is fre-
quently used for solving linear and nonlinear equations whichPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014are fractional heat-like equations [52], heat and wave-like
equations [53], gas dynamics equation [54], etc.
The convection-diffusion equation models the flow of heat
in situations where there is both diffusion and convection. In









þ UðyÞ þ fðx; tÞ
0 < x 6 1; 0 < a 6 1; t > 0;
ð1Þ
yðx; 0Þ ¼ hðxÞ; 0 < x 6 1; ð2Þ
where UðyÞ is some reasonable nonlinear function of y which is
chosen as a potential energy, c is a constant, a is a parameter
describing the order of the time-fractional derivative and
yðx; tÞ represents temperature in heat transfer and is causal
function of time, i.e. vanishing for t < 0. The fractional deriva-
tive is considered in the Caputo sense. The convection-
diffusion equations are widely used in science and engineering
as mathematical models for computational simulations, such
as in oil reservoir simulations, transport of mass and energy,
and global weather production, in which an initially discontin-
uous profile is propagated by diffusion and convection, the lat-
ter with a speed of c [55].
2. Basic deﬁnitions
Deﬁnition 1. The Laplace transform of continuous (or an
almost piecewise continuous) function fðtÞin½0;1Þ is defined
and represented in the following form




where s denotes a real or complex number.
Deﬁnition 2. The fractional derivative of f (t) in the Caputo







for n 1 < a 6 n; n 2 N; x > 0: ð4Þ
Deﬁnition 3. The Laplace transform of the Caputo derivative
is given by Caputo see also Kilbas et al. [57] in the form
L½DafðtÞ ¼ saL½fðtÞ 
Xn1
r¼0
sar1fðrÞð0þÞ; n 1 < a 6 n: ð5Þ
Deﬁnition 4. The Laplace transform L½fðtÞ of the Riemann–
Liouville fractional order integral is defined as
L½Iat fðtÞ ¼ saFðsÞ: ð6Þ
Deﬁnition 5. The Sumudu transform of fractional order




uaþr½fðrÞðtÞx¼0;n1< a6 n;n2N: ð7Þtional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
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Cðakþ bÞ ; a; bP 0: ð8Þ3. Basic idea of HATM
To show the basic idea and solution procedure of this method,
we take a general time-fractional nonlinear non-homogeneous
partial differential equation of the form:
Dat yðx; tÞ þ Ryðx; tÞ þNyðx; tÞ ¼ gðx; tÞ; n 1 < a 6 n ð9Þ
where Dat yðx; tÞ represents the Caputo fractional derivative of
the function yðx; tÞ;R is the linear differential operator, N rep-
resents the general nonlinear differential operator and gðx; tÞ;
is the source term.
By applying the Laplace transform on both sides of Eq. (9),
it gives the result
L½Dat y þ L½Ry þ L½Ny ¼ L½gðx; tÞ: ð10Þ





sak1yðkÞðx; 0Þ þ L½Ry þ L½Ny ¼ L½gðx; tÞ:
ð11Þ







L½RyþL½NyL½gðx; tÞ½  ¼ 0: ð12Þ
Next, we define and present the nonlinear operator as







L½R/ðx; t; qÞ þ L½N/ðx; t; qÞ  L½gðx; tÞ½ ;
ð13Þ
where q 2 ½0; 1 and /ðx; t; qÞ is a real function of x, t and q.
We construct a homotopy as follows:
ð1 qÞL½/ðx; t; qÞ  y0ðx; tÞ ¼ hqHðx; tÞN½yðx; tÞ; ð14Þ
where L denotes the Laplace transform operator, q 2 ½0; 1 is
the embedding parameter, Hðx; tÞ denotes a nonzero auxiliary
function, h–0 is an auxiliary parameter, y0ðx; tÞ is an initial
guess of yðx; tÞ and /ðx; t; qÞ is a unknown function. Obvi-
ously, when the embedding parameter q ¼ 0 and q ¼ 1; it
holds
/ðx; t; 0Þ ¼ y0ðx; tÞ; /ðx; t; 1Þ ¼ yðx; tÞ; ð15Þ
respectively. Thus, as q increases form 0 to 1, the solution
/ðx; t; qÞ varies from the initial guess y0ðx; tÞ to the solution
yðx; tÞ: Expanding /ðx; t; qÞ in Taylor series with respect to
q, we have
/ðx; t; qÞ ¼ y0ðx; tÞ þ
X1
m¼1










If the auxiliary linear operator, the initial guess, the auxil-
iary parameter h; and the auxiliary function are properly cho-
sen, the series (16) converges at q= 1, then we have




which must be one of the solutions of the original nonlinear
equations. According to the definition (21), the governing
equation can be deduced from the zero-order deformation
Eq. (14).
Define the vectors in the following manner
y!m ¼ fy0ðx; tÞ; y1ðx; tÞ; . . . ; ymðx; tÞg: ð19Þ
Differentiating the zeroth-order deformation Eq. (14) m-
times with respect to q and then dividing them by m! and
finally setting q ¼ 0; we get the following mth-order deforma-
tion equation:
L ymðx; tÞ  vmym1ðx; tÞ½  ¼ hHðx; tÞRmð y!m1Þ: ð20Þ
Applying the inverse Laplace transform, we have
ymðx; tÞ ¼ vmym1ðx; tÞ þ hL1 Hðx; tÞRmð y!m1Þ
 
; ð21Þ
where the value of Rmð y!m1Þ is obtained from the following
formula






and the value of vm is given as
vm ¼
0; m 6 1;
1; m > 1:

ð23Þ4. Basic idea of HPSTM
We illustrate the basic idea of HPSTM by considering a gen-
eral time-fractional nonlinear non-homogeneous partial differ-
ential equation with the initial condition of the general form:
Dat yðx;tÞ¼Ryðx;tÞþNyðx;tÞþgðx;tÞ; n1< a6 n; a> 0; ð24Þ
subject to the initial condition
Dm0 yðx; 0Þ ¼ fmðxÞ; where m ¼ 0; . . . n 1;
Dn0yðx; 0Þ ¼ 0; and n ¼ ½a;
where Dat yðx; tÞ represents the well-known Caputo fractional
derivative of the function yðx; tÞ;R is the linear differential
operator, N represents the general nonlinear differential
operator.
By applying the Sumudu transform on both sides of Eq.
(24), we get
S½Dat y ¼ S½Ry þ S½Ny þ S½gðx; tÞ: ð25Þ
Using the property of the Sumudu transform, we have the
following result
S½y ¼ fðx; tÞ þ uaS½Ry þ uaS½Ny þ uaS½gðx; tÞ: ð26Þtional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
J. Singh et al.Now applying the Sumudu inverse on both sides of (26) we
get6y ¼ Fðx; tÞ þ S1 uaS½Ry þ uaS½Ny½ ; ð27Þ
where F(x, t) represents the term occurring from the known
function g(x, t) and the initial conditions.











Using the He’s polynomial HnðyÞ [59] given as follows:










; n¼ 0;1;2; . . . ð30Þ
Substituting (28) and (29) in (27), we have
X1
n¼0











This is the coupling of the Sumudu transform and the HPM
using He’s polynomials. Comparing the coefficients of like
power of p, the following approximations are obtained.
p0 : y0 ¼ Fðx; tÞ;
p1 : y1 ¼ S1 uaS½Rðy0Þ þH0ðyÞb c;
p2 : y2 ¼ S1 uaS½Rðy1Þ þH1ðyÞb c;
p3 : y3 ¼ S1 uaS½Rðy2Þ þH2ðyÞb c;
..
.




The approximate analytical solution of (24) yðx; tÞ by the
truncated series:
yðx; tÞ ¼ y0ðx; tÞ þ
X1
k¼1
ykðx; tÞ; ð33Þ5. Numerical examples
In this section, we employ the above reliable approach, in a
realistic and efficient way, to handle nonlinear fractional equa-
tion with time-fractional derivative.
Example 1. We consider the following homogeneous frac-











 y2 þ y;
0 < x 6 1; 0 < a 6 1; t > 0: ð34Þ
subject to the boundary conditionsPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014yð0; tÞ ¼ et; yð1; tÞ ¼ etþ1; ð35Þ
and the initial condition
yðx; 0Þ ¼ ex: ð36Þ
Applying the Laplace transform subject to the initial condi-
tion, we get the following equation












 y2 þ y
 
¼ 0: ð37Þ
The nonlinear operator is









































The mth-order deformation equation is presented as
L ymðx; tÞ  vmym1ðx; tÞ½  ¼ hRmð y!m1Þ: ð40Þ
By taking inverse Laplace transform, we arrive at the
following result
ymðx; tÞ ¼ vmym1ðx; tÞ þ hL1½Rmð y!m1Þ: ð41Þ


















In the similar manner, the rest of the components ynðx; tÞ
for n > 3 can be completely derived and the series solutions
are thus entirely found. Therefore, the approximate solution is




When we put a ¼ 1 and h ¼ 1 in the Eq. (43), then clearly
we can conclude that the obtained solution
PN
n¼0ynðx; tÞ as
N ! 1 converges to the exact solution yðx; tÞ ¼ exþt, which
is same as well-established results obtained with the help of
FVIM [11], HPM [12] and ADM [13].tional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
Fractional convection-diffusion equation 7Now in order to obtain the solution by making use of
HPSTM, we take the Sumudu transform of Eq. (24), subject to













 y2 þ y
 
;
0 < x 6 1; 0 < a 6 1; t > 0: ð44Þ








 y2 þ y
 
; ð45Þ
Taking inverse Sumudu transform, we arrive at the follow-
ing result








 y2 þ y
 	 	
: ð46Þ
Now using the HPM, we get
X1
n¼0






















Comparing the coefficient of like powers of p, we get the
following components of the series solution
p0 : y0 ¼ ex;
p1 : y1 ¼ ex
ta
Cðaþ 1Þ ;
p2 : y2 ¼ ex
t2a
Cð2aþ 1Þ ;











Proceeding in this manner, the rest of the components
ynðx; tÞ can be found. Therefore, the approximate solution is
given in the following form










Cð3aþ 1Þ þ . . . þ
tna
Cðnaþ 1Þ þ   
	
; ð49Þ
which can be written as




Cðnaþ 1Þ : ð50Þ
which converge to the exact solution
yðx; tÞ ¼ exEaðtaÞ: ð51Þ
If we set a ! 1; then




Cðrþ 1Þ ¼ e
xþt: ð52ÞPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014Example 2. Consider the following non-homogeneous frac-











hðyÞ þ fðx; tÞ;
0 < x 6 1; 0 < a 6 1; t > 0; ð53Þ
The boundary and initial conditions imposed are
yð0; tÞ ¼ 2t; yð1; tÞ ¼ 1þ 2t; ð54Þ
subject to the initial condition
yðx; 0Þ ¼ x2: ð55Þ
Applying the Laplace transform subject to the initial condi-
tion, we have





























































The mth-order deformation equation is written as
L ymðx; tÞ  vmym1ðx; tÞ½  ¼ hRmð y!m1Þ: ð59Þ
Employing the inverse Laplace transform, we have
ymðx; tÞ ¼ vmym1ðx; tÞ þ hL1 Rmð y!m1Þ
 
: ð60Þ
Solving the above Eq. (60), for m= 1, 2, 3, . . ., we get the
































and so on.tional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
8 J. Singh et al.In this manner the rest of the components can be found.
Therefore, the approximate solution is




If we take a ¼ 1; h ¼ 1 then the solution for the standard
convection-diffusion equation is as follows
yðx; tÞ ¼ Lim
n!1
ynðx; tÞ
¼ x2 þ 2t 4txþ 2t2  12x2tþ 4xt 12t2
þ 12xt2  2t2    : ð63Þ
It is obvious that the self-cancelling ‘noise’ terms appear
between various components. Cancelling the noise terms and
keeping the non-noise terms in Eq. (63), it yields the exact solu-
tion presented as
yðx; tÞ ¼ x2 þ 2t; ð64Þ
which is easily verified and formally justified by Yildrim [60].
Now, taking Sumudu transform of Eq. (53), subject to the
initial condition (55), we get














Taking inverse Sumudu transform
































Comparing the coefficient of like of p, we have
p0 : y0 ¼ x2;
p1 : y1 ¼ ð4xþ 2Þ
ta
Cðaþ 1Þ ;
p2 : y2 ¼ 4
t2a
Cð2aþ 1Þ þ 4ð3x
2 þ xÞ t
2a1
Cð2aÞ ;
P3 : y3 ¼ 24
t3a1
Cð3aÞ  ð24xþ 4Þ
t3a1
Cð3aÞ
þ ð24x3 þ 4x2Þ t
3a2
Cð3a 1Þ
 ð16xþ 8Þ Cð2aþ 1Þt
3a1
ðCðaþ 1ÞÞ2Cð3aÞ þ 8x
t3a1
Cð3aÞ





ð68ÞPlease cite this article in press as: Singh J et al., A computational approach for frac
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.014Following the way, the rest of the components ynðx; tÞ


















ðCðaþ1ÞÞ2Cð3aÞ . . . :
ð69Þ
Therefore, the solution for the convection-diffusion Eq.
(53) when a ¼ 1; is
yðx; tÞ ¼ Lim
n!1
ynðx; tÞ
¼ x2 þ 2t 4txþ 2t2  12x2tþ 4xt 12t2
þ 12xt2  2t2 . . . : ð70Þ
It is obvious that the self-cancelling ‘noise’ terms appear
between various components. Cancelling the noise terms and
keeping the non-noise terms in Eq. (70) it yields the exact solu-
tion of Eq. (53) given as
yðx; tÞ ¼ x2 þ 2t; ð71Þ
which is the same as obtained by HATM and FVIM [11],
HPM [12] and ADM [13]. It’s clear to see that the
HPSTM solution is a special case of the HATM solution when
h ¼ 1:6. Numerical results and discussions
In this section, we compute the numerical solutions of the tem-
perature yðx; tÞ for different time-fractional Brownian motions
a ¼ 0:7; 0:8; 0:9 and also the standard motion a ¼ 1. Figs. 1–5
present numerical results obtained by using HATM, HPSTM
and exact solutions for fractional nonlinear convection-
diffusion problem (34). From Figs. 1 and 2, we observe that
as the values of time t and space variable x increase, the tem-
perature yðx; tÞ increases. It is also observed from Fig. 4 that as
the value of a increases, the temperature yðx; tÞ decreases and
converges to the exact solution at a ¼ 1. Fig. 3 presents abso-
lute errors of the results obtained with the help of proposed
techniques. Fig. 5 presents the h curve for different order
HATM approximations and shows that the valid range of h
is 2:005 6 h < 0 at x ¼ 0:5; t ¼ 0:005; a ¼ 1.
Figs. 6–10 show the numerical results commutated with the
help of HATM, HPSTM and exact solutions for fractional
nonlinear convection-diffusion problem (53). From Figs. 6
and 7, we easily see that as the values of time t and space vari-
able x increase, the temperature yðx; tÞ increases. It is also
observed from Fig. 9 that as the value of a increases, the tem-
perature yðx; tÞ decreases. Fig. 8 depicts absolute errors of the
results obtained with the help of proposed schemes. Fig. 10
presents the h curve for 2nd order HATM approximation
and shows that the valid range of h is 2:02 6 h < 0 at
x ¼ 0:002; t ¼ 0:005; a ¼ 1: It is evident that by using more
terms, the accuracy of the results can be dramatically improved
and the errors converge to zero.tional convection-diﬀusion equation via integral transforms, Ain Shams Eng J
Fractional convection-diffusion equation 97. Conclusions
In this paper, the homotopy analysis transform method
(HATM) and homotopy perturbation Sumudu transform
method (HPSTM) have been successfully applied to obtain
the numerical solution of time fractional convection-diffusion
equation, which has a good agreement with the exact solution.
Comparing the methodology, we noted that the HATM has a
clear advantage over the HPSTM, and it provides the auxiliary
parameter h, can as be used to adjust and control the conver-
gence region of series solutions. These proposed schemes can
be widely utilized to get fast convergent series solution in effi-
cient way of different types of equations with strong
nonlinearity.
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